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Abstract-we propose a model describing the effect of a fatal disease on an age-structured pop 
ulation whose members are dispersing in a random manner. We first find the condition needed for 
the population to grow in the absence of the disease, and then derive a threshold condition which 
determines when the disease can regulate the size of the population. 
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1. INTRODUCTION 
Although the importance of age-structure in epidemic modelling has long been recognised [I], 
it has only been relatively recently that major effort has gone into the rigourous formulation 
and analysis of models containing this feature, e.g., [2,3]. S imilarly, the effect of dispersal of 
individuals in population modelling first received a quantitative treatment only in the 1950s [4]. 
In this paper, we shall investigate an epidemic model which incorporates both dispersal and age- 
structure. It is our intention that the model have sufficient detail to be of biological relevance, 
but be simple enough to prove mathematically tractable. As we shall see in a later section, 
this intention is only partly realised. For work describing the formulation and analysis of age- 
structured models, see [2,3,5-71, and for studies involving dispersal, see [8-101 and the references 
therein. We emphasise here that, in keeping with the objectives of our earlier work [7,10], our 
main interest lies in the possibility of the disease regulating a wild animal population which would 
otherwise grow. This is in distinction to many of the aforementioned studies where the disease 
is assumed not fatal and the size of the total population constant. 
2. FORMULATION OF THE MODEL 
We consider a population divided by the disease into two classes-the infectives and the suscep- 
tibles, and restrict attention to one spatial dimension. The state of the population is described by 
the age-space densities n(u, t, z) (total population) and i(a, t, z) (infectives) so that, for example, 
*Supported by a New Zealand Vice-Chancellors’ Committee Postdoctoral Fellowship. 
79 
80 K. LOUIE et al. 
the total population size between the chronological ages of al and a2 in the domain of interest 
(here normalised to the interval [O,l]) at time t is 
a2 1 
JJ 
n(a, t, x) dx da. 
a1 0 
We further assume that the disease does not affect the translocation of the animals. As shown 
in [8], this leads to a dispersion term for the infectives proportional to (i/n)nZZ. Our model then 
is an extension of those considered in our earlier studies [7,10] 
nt + n, = -d(a)n - cui + in,,, (1) 
it + i, = [I ow f(a, ’)i(a’, t, x) da’ 1 (n - i) - [(Y + d(a)]i + .(,,$,,, (2) 
where the subscripts stand for partial derivatives, and 
l d(a) is the age-dependent per capita death rate, 
l cx is the disease-induced per capita death rate, 
l K(U) is the age-dependent diffusion coefficient, 
l f (a, a’) describes the influence of an infective of age a’ on a susceptible of age a. 
In the following, we shall assume that the ‘proportionate mixing’ assumption holds (see [11,12]) so 
that the influence function f(a, a’) has the product form fi(a)fz(a’). To complete the specification 
of the model, we require boundary conditions and initial conditions. As explained in [lo], typical 
boundary conditions might be 
l hostile external environment (Dirichlet), 
n(a, t, 0) = n(u, t, 1) = 0, 
l no-flux (Neumann), 
?&(a, t, 0) = n,(a, t, 1) = 0, 
l general mixed boundary conditions, 
n,(a, t, 0) + @[ii - n(a, t, O)] = 0, 
?&(a, t, 1) - y[fi - n(a, t, l)] = 0, 
where /3 and y are positive constants, and ii is a constant external density. 
We assume that all newborn are susceptible (i.e., there is no vertical transmission of the disease) 
so that 
n(0, t, X) = 
Jrn 
b(a)n(a, 6 x) da, (3) 
i(0, t, x) = 0: (4 
where b(a) is the age-dependent per capita birth rate. Initial age-space densities are given, say 
4% 0, x) = no(o, x), i(a, 0, x) = &(a, x). (5) 
3. THE NO-DISEASE CASE AND ITS ASYMPTOTIC SOLUTION 
As it is our intention to investigate the regulatory effect of the disease on the population, let 
us first determine the conditions under which the population grows in the absence of the disease. 
Now with i E 0, our model (l)-(2) simplifies to 
nt + n, = -d(a)n + ~(a)nm, (6) 
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an equation already studied (but with a different formulation) in [13]. However, there the link 
between the exact solution of (6) and its asymptotic form (as t + co) is unclear, so we will 
outline an alternative approach. 
For ease of presentation, we will deal only with hostile boundary conditions; similar treatment 
is possible for the other boundary conditions. We factor out the spatial dependence by assuming 
a solution of the form 
j=oO 
n(a, t, x) = C cj(cz, t) sinj7rz, 
j=l 
and we also assume that the initial age density can be expanded in similar fashion, 
j=m 
120(a,2)= C qj(a) sinjrrx. 
j=l 
Then (6) becomes 
dC, 
$ + 2 = - [d(U) + j2T2&(U)] Cj, (7) 
subject to the initial conditions 
s 
co 
Cj(O,t) = b(a)cj(a, t) da and c~(u,O) = Qj(a). (8) 
0 
The solution of (7) subject to these initial conditions is easily obtained by characteristics, with 
two different forms according to a 2 t or a < t, 
a 7)j(U-t)eXp - [d(s) +j2r2+)] ds , u>t 
Cj(U, t) = (1 a-t > 
(s o”: [d(s) +j2.rr2~(s)] ds) , 
(9) 
cj(O,t - a)exp - a < t. 
Using these expressions in the first of (8), we obtain 
s t cj(O,t) = b(u)cj(O, t - a) exp - 0 (1 oa [d(s) +j2r2rc(s)] ds) da 
+ b(u)qj(u - t) exp 
(J 
- .It [d(s) +j2.rr2~(s)] ds) da, (10) 
or, letting Cj(t) = Cj(0, t) and noting that the second term on the right-hand side is a known 
function of t, Fj(t) say, this can be written as the convolution equation 
s t Cj(t) = Bj(u)Cj(t - a) da + Fj(t). 0 (11) 
Such equations are amenable to treatment by Laplace transforms; for details, see [14]. We provide 
a sketch of how solutions are obtained. For convenience, drop the subscript j and denote the 
Laplace transform of C(t), F(t), and B(t) by C(p), 3(p), and B(p), respectively. Applying the 
Laplace transform to (11) gives 
C(P) = 
3(P) 
1 - B(P) 
(12) 
as long as B(p) # 1. For reasonably behaved functions d(u), b(u), and K(U), it can be shown that 
the equation B(p) = 1 has a unique real solution p*. The integral resulting from inverting the 
Laplace transform of C(p) can be evaluated by the method of residues. When the solutions pk of 
the equation B(p) = 1 are all distinct, C(t) can be determined as an infinite series of exponential 
terms, 
k=oo 
C(t) = AO w(p*t) + c Ak ewbkt), 
k=l 
(13) 
a2 K. LOWE et al. 
where %(pk) < p* for all k, and the coefficients Ak are determined from the residue calculation. 
The main result from such analysis is that the asymptotic form of n(a, t, X) (as t + 00) is 
n(u,t,z) N Acexp - (J oa [d(s) + r2tc(s)] ds) exp(p*t) sinnz, (14) 
where p* is the unique real solution of 
1 = h(P) 
=lmb(u)exp(-pa- [i’l{d(s)+a2a(s)} ds]) da, (15) 
and A0 is obtained from a residue calculation. Noting that the right-hand side of (15) is a 
monotone decreasing function of p, it is then easily observed that p* is positive/negative and, 
hence, the population will grow/decline according to 
Similar threshold conditions would be obtained for the other boundary conditions. 
4. THE THRESHOLD CONDITION FOR 
SPATIALLY-STRUCTURED STEADY AGE DISTRIBUTIONS 
In this section, we formulate the condition necessary for the disease to regulate the population, 
which would otherwise be growing. Unfortunately, we are not able to state this threshold con- 
dition explicitly because to do so requires an explicit solution to a partial differential equation 
with variable coefficients. 
We begin by noting that the full model (l)-(2) wi not admit separable solutions because of 11 
the nonlinearity present in the disease transmission term. Thus, in the presence of the disease, 
the long-term behaviour of the population can be quite different from that with no disease (where 
a separable form was attained). Let us assume that steady age distributions (s.a.d.s), possibly 
structured in space, are attained asymptotically with time, i.e., assume that 
The algebra is simplified if we deal with the proportion of infectives y = i/n, in favour of the 
infective density itself. Then (2) becomes 
Yt +ya = b(a) 
[ J ~mh(u')n(u',t,~)y(u',~,~)du'-oy] (1 -Y) 
and with y(u,t,s) N yS( a x as t -+ co, the determining equations for the s.a.d.s are , ) 
an, - = -d(u)ns - aysns + ~(a)$, 
dU 
ah 
da = [f1(a)C(x) - wl(1 - YL 
(17) 
where we have set C(x) = scm f2(u’)n,(u’,z)y,(u’,x)du’. The associated boundary and initial 
conditions become 
n,(u,O) = ns(ur 1) = 0 (hostile) (20) 
O” n,(O,x) = J b(u)n,(u, x) da and ~~(0, X) = 0. (21) 0
Dispersive Age-Structured Population 83 
NOW (19) can be solved explicitly, the solution satisfying the second of (21) being 
exp (C(z) Joa fi (u) du - aa) 
Y3(a’z)= ‘- 1+cr~~exp{c~-C(~)~~f~(~)d~} ds’ 
With this expression available, (18) becomes the parabolic equation 
(22) 
an. 9=_ 
da 
exp (C(s) _ll fl (u) du - aa) d2ns 
’ - 1 + a so” exp {as - C(z) s; fi(u) du} ds ns + ‘(‘) dz2 ’ (23) 
to be solved subject to (20) and the first of (21). If we could obtain the solution explicitly, 
substitution of ns(urz) and ys(a,z) from (22) into the defining expression for C(z) yields the 
condition necessary for existence of an s.a.d. This equation would be a complicated expression 
determining C(s) implicitly, but existence and uniqueness of a solution may be possible by a 
contraction mapping argument, for example. Having established C(z), expressions for n,(a, X) 
and yS(a,z) then follow. 
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